We have studied the P → γ ⋆ γ ⋆ form factor in Resonance Chiral Theory, with P = π 0 , η, η ′ , to compute the contribution of the pseudoscalar pole to the hadronic light-by-light piece of the anomalous magnetic moment of the muon. In this work we allow the leading U(3) chiral symmetry breaking terms, obtaining the most general expression for the form factor of order O(m 2 P ). The parameters of the Effective Field Theory are obtained by means of short distance constraints on the form factor and matching with the expected behavior from QCD. Those parameters that cannot be fixed in this way are fitted to experimental determinations of the form factor within the spacelike momentum region of the virtual photon. Chiral symmetry relations among the transition form factors for π 0 , η and η ′ allow for a simultaneous fit to experimental data for the three mesons. This shows an inconsistency between the BaBar π 0 data and the rest of the experimental inputs. Thus, we find a total pseudoscalar pole contribution of a P,HLbL µ = (8.47 ± 0.16) · 10 −10 for our best fit (neglecting the BaBar π 0 data). Also, a preliminary rough estimate of the impact of NLO in 1/N C corrections and higher vector multiplets (asym) enlarges the uncertainty up to a P,HLbL µ = (8.47 ± 0.16 stat ± 0.09 N C +0.5 −0.0asym )
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Introduction
Nowadays, the anomalous magnetic moment of the muon, a µ , has been predicted to an outstanding precision of O (α/π) 5 for purely electromagnetic effects (a QED µ ) [1] and to two loops 1 precision in electroweak corrections (a EW µ ) [2] . This property, which is measured through the decay of muons [3] , has been measured to an extraordinary precision of ten significant figures. An interesting point is that the experimental error is orders of magnitude larger than those estimated for a QED µ and a EW µ , however, the uncertainty of the hadronic contributions is of the same order of the experimental error [2] . There is an incompatibility among the sum of all contributions with respect to the experiment of ∼ 3.5σ, however, there are new experiments that will measure a µ with an experimental error reduced at least by a factor 4, namely E34 at J-PARC [4] and muon g-2 at Fermilab [5] . If one is to assume the Standard Model (SM) is all that is needed to understand this difference, then there is something about the SM that is not understood; if the assumption is that the difference stems from Beyond Standard Model (BSM) effects, the SM must be further improved to reduce the uncertainties in order to have a more controlled SM background for the search of BSM effects. Whatever the case is, the fact that the experimental precision in a µ will be further reduced forces theoreticians to give a more precise determination of a µ . As said above, the main uncertainty comes from hadronic parts. These are contributions involving quarks and their interactions. This can be separated into two pieces, shown in the left-hand-side diagram of Fig. 1 . The largest of both, a HVP µ , is the piece stemming from the self energy of virtual photons from the polarization of the hadronic vacuum (HVP) which can, however, be determined through dispersion relations using data available on R had = σ(e + e − → hadrons)/σ(e + e − → µ + µ − ). The remaining hadronic piece, a , and so, has to be obtained either numerically or in a model dependent way. The approach we follow is the latter.
The HLbL can be divided in three parts, which are the leading order parts of the HLbL piece [3] shown in Fig. 2 . The sum of diagrams 2 (b) and 2 (c) are one order of magnitude suppressed as compared to the pseudoscalar exchange shown in diagram 2 (a). We focus on the pseudoscalar pole contribution to the HLbL piece, a P,HLbL µ , which in order to be fully described needs only the Transition Form Factor (TFF), F Pγ ⋆ γ ⋆ (q 2 , p 2 ). As it has been shown in ref [9] , this TFF gives most of its contribution to a µ at Euclidian squared photon momenta 1 GeV 2 . Therefore, it will be saturated mainly with the lightest resonant part of the (TFF) and higher energies effects will be suppressed. To compute the TFF we rely on χPT [10, 11] extended to include the lightest multiplet of meson resonances [12] (Resonance Chiral Theory, RχT). Instead of using the complete basis of VVP and VJP operators for resonances [13] , we will rely on the simpler basis given in [14] since, for describing vertices involving only one pseudo-Goldstone both are equivalent [15] . We will use the Lagrangian in ref. [13] to include effects due to pseudoscalar resonances. The novelty in our approach is that we account for all the leading order terms that break explicitly chiral symmetry, which enter as corrections in powers of the squared pseudo-Goldstone bosons, m 2 P . Here we will only present those operators necessary for a consistent description of the NLO terms in m , to a µ .
Flavor U(3) breaking
For the complete description of the full base of operators used [11-14, 16, 17] , we refer to [18] . To consistently include all terms breaking U(3), an O(p 6 ) odd-intrinsic Lagrangian without resonances must be considered for RχT [16] . In addition to the Wess-Zumino-Witten term [11] , the relevant operators here are
A correction to the vector resonance-photon coupling will be given by the interaction
There is also a correction to the mass of the vector resonances from V-V interactions
As a result, the masses of the vector resonances are given by
where
π and M V is the mass associated with the vector nonet in the chiral and large N C limits. The TFF is defined in ref. [18] along with the short distance constraints relating parameters of the model. Its complete expression before imposing such constraints can be found therein.
Transition Form Factor
By imposing the short-distance behavior
and lim
we find some relations among the parameters of the theory that simplify the expression of the TFF. For π 0 we find
3 This interaction term is the only single-trace operator O(m 2 P ) from those given in [17] . 4 This term generates a mass splitting effect in the nonet of resonances, inducing an explicit U(3) breaking effect. 5 where D R (s) = M 2 R − s with the resonance masses given by (4), d
⋆ 123 is a free parameter and F π is the π decay constant. Analogously, the simplified expression for the TFF of the η after imposing eq. (5) is given by As it can be seen from the previous expressions, we were not able to match the precise QCD behavior [19, 20] lim q 2 →∞ F Pγ ⋆ γ ⋆ (q 2 , q 2 ) ∝ 1/q 2 , which will be taken into account as a systematic uncertainty. This implies an underestimation of the form factor, and thus will enter as an asymmetric error. However, it is worth to mention that the correct behavior in q 2 with approximately the correct coefficient is achieved for the singly virtual TFF, lim q 2 →∞ F Pγ ⋆ γ (q 2 , 0) ≈ 2F/q 2 , after the fit to experimental data.
Pole contribution to a HLbL µ
The parameters d [23] and CELLO [24] , LEP [25] and Belle [26] . The complete details of the fits can be seen on ref. [18] . To compute a P,HLbL µ we rely on the loop integral representation of ref. [9] . The a P,HLbL µ contribution is obtained using a MonteCarlo run based on a normal distribution for the fit parameters, including correlations 6 , a
Also, the separate parts of the three pseudo-Goldstone mesons are computed in the same way, giving
Notice that our result for the π 0 contribution is in agreement within 1.8σ with that obtained using dispersion relations [27] .
Note that by taking the uncorrelated error as a sum in quadratures from the three previous values one gets a smaller uncertainty (∼ ±0.13 · 10 −10 ) than that given in eq. (8) . This is due to correlations among the three results, since the total result is obtained performing the simultaneous integral of the three contributions. In Table 1 we compare our result with some previous determinations of a P,HLbL µ . 6 By making the same calculation for the TFF in the chiral limit, we obtain a P,HLbL µ [28] 8.3 ± 0.6 Bijnens, Pallante and Prades (2002) [29] 8.5 ± 1.3 Erler and Toledo Sánchez (2006) [30] 13.7
Roig, Guevara and López Castro (2014) [31] 8.60 ± 0.25 Masjuan and Sánchez-Puertas (2017) [32] 9.4 ± 0.5 Czyż, Kisza and Tracz (2018) [33] 8.28 ± 0.34 This work [18] 8.47 ± 0.16 sta ± 0.09 N C +0.5 −0.0 asym )
Further error analysis
Our previous result does not take into account NLO effects in the 1/N C expansion in which RχT relies. However, these effects can be estimated by taking into account how the main contribution at this order to the ρ meson propagator, namely the ππ and KK loops, affect the result for a P,HLbL µ . This loop effects are included by changing the denominator of the propagator [34] 
being σ P (q 2 ) = 1 − 4m 2 P q 2 . Note that A P (q 2 ) is real for q 2 < 4m 2 P . Thus, the ρ propagator provided by eq. (10) is real in the whole space-like region q 2 < 0. This gives a total contribution to the uncertainty ∆a
As said in section 3, the form factor is underestimated due to the incorrect asymptotic behavior of the doubly off-shell form factor. This was previously noted by [9] , where it was pointed out that the correct asymptotic behavior can be recovered considering two vector meson resonance multiplets instead of just one. Therefore, in order to give an estimation of the uncertainty stemming from this incorrect limit we compute a P,HLbL µ considering two multiplets and compare the result with that using one multiplet, both in the chiral limit. The values for the fit parameters are kept identical for both estimations of a P,HLbL µ . For a more detailed description of the form factor and the short distance constraints obtained among parameters we refer to [18] . This uncertainty is estimated to be 
Conclusions
We have given a more accurate description of the TFF within the framework for RχT, including terms up to order m 2 P for the first time in a chiral invariant Lagrangian approach. This led to computing a more theoretically precise contribution from the P-pole to a µ , with an improved precision. By looking at the difference of our result with that using the TFF in the chiral limit (0.20 · 10 −10 ) it is evident that further orders in m 2 P will be negligible. Future works will be directed towards reducing the uncertainty from the asymptotic limit, which is the largest one. A way to reduce such uncertainty could be by taking into account data form doubly off-shell TFF such as that given by BaBar for the η ′ -TFF [35] . Considering all possible contributions to the error we get 
where the first error (sta) comes from the fit of the TFF, the second from possible 1/N C corrections and the last from the wrong asymptotic behavior estimated through the effects of heavier resonances in the TFF.
